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Abstract 

We study the topological string on local with 0-plane and D-brane at its real 
locus, using three complementary techniques. In the A-model, we refine localization 
on the moduli space of maps with respect to the torus action preserved by the anti- 
holomorphic involution. This leads to a computation of open and unoriented Gromov- 
Witten invariants that can be applied to any toric Calabi-Yau with involution. We 
then show that the full topological string amplitudes can be reproduced within the 
topological vertex formalism. We obtain the real topological vertex with trivial fixed 
leg. Finally, we verify that the same results derive in the B-model from the extended 
holomorphic anomaly equation, together with appropriate boundary conditions. The 
expansion at the conifold exhibits a gap structure that belongs to a so far unidentified 
universality class. 
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1 Introduction and Overview 

There has been a lot of progress in closed and open topological string theory in the 
last couple of years. The improved understanding concerns in particular local (non- 
compact) backgrounds defined by toric Calabi-Yau manifolds together with toric branes 
on top. While many lessons were learned (for reviews see for instance [Il[2]), it has long 
not been clear how they would apply to compact backgrounds, which indeed remain 
the challenging case to understand in general. 

Recently, it has become clearer that there are significant qualitative distinctions 
between the non-compact and compact settings. Perhaps the most dramatic additional 
ingredient is a topological analogue [3] of the tadpole cancellation condition familiar 
from the type II superstring. In particular, a satisfactory BPS interpretation of the 
topological string amplitudes requires that one consider topological string orientifolds, 
whose charge precisely cancels that of the background D-branes. We will be considering 
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0-planes and D-branes defined via the fixed locus of an anti-holomorphic involution, 
and will refer to the resulting theory as the real topological string. 

Issues such as tadpole cancellation might seem to cast doubt on the general appli- 
cability of any local lessons. As an example, large- dualities cannot be useful if the 
total D-brane charge is restricted. In the present paper, we show that the situation 
is actually slightly better. Specifically, we will study the real topological string on 
the local Calabi-Yau manifold given by the canonical bundle over the projective plane 
(local P^). Among our main findings are several parallels both with the usual toric 
story, as well as with the real topological string on a compact manifold. We hope that 
these connections will prove useful for both lines of investigation. 

A physical motivation for the importance of the real topological string comes from 
considering the combined open and closed type IIA superstring with orientifold pro- 
jection, which is a well-known playground for string phenomenology. Recall that this 
orientifold projection is the gauging of a discrete symmetry / o P, where / is an anti- 
holomorphic involution of the internal background X and P denotes parity reversal 
on the string world-sheet. The world-sheets of the orientifolded theory then have gen- 
eral topology, in the sense that they can be oriented or unoriented and may possess 
boundaries and/or cross-caps. As is well known, one can represent these world-sheets 
as quotients S/o" of a closed oriented world-sheet S by an anti-holomorphic involution 
a. The equivalence class of a determines the topology of S/cr. In the non-perturbative 
(in a') sector of such orientifolded type IIA theories, one has to consider world-sheet 
instantons with general topology, i.e., maps from Riemann surfaces with or without 
boundaries and cross-caps into target-space equipped with involution. As usual, the 
summation of world-sheet instantons is best done by considering the topological theory, 
which is the interest of the present paper. 

We begin by recalling the main features of the setup of [3], and fix some notation, 
before summarizing our main results. 

The target space that we shall study is the local Calabi-Yau X = (9p2(— 3). The 
involution I defining the orientifold projection is simply complex conjugation. The fixed 
point locus, L, on which we shall wrap one D-brane, is the real version of the canonical 
bundle, and can be thought of as the real line bundle defined by the orientation bundle 
over MP^. (Note that, as special Lagrangian, L, itself, is oriented.) 

The central object to compute is the total, or combined open-closed-unorientec|l] 

^To emphasize one point again: When the tadpole cancelhng D-branes are put right on top of 
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topological string free energy, which in a perturbative expansion can be written as: 

oo 

g=Y, (1-1) 

X=-2 

Here Q^^^ is the contribution at order x, and A is the string coupling. In general, the 
Q and Q^^^ depend on closed and open string moduli, which in the A-model consist of 
Kahler moduh of X and complexified Wilson lines on the D-branes. In the example of 
interest, we have H2{X; Z) = Z, and Hi{L; Z) = Z2, so we have one continuous closed 
string modulus, denoted by t = logg, and one discrete open string modulus, e = ±1. 
Thus, 

gix) = g{x)(^t,e). (1.2) 

On general grounds, one expects to be able to compute Q^^'^ by summing contributions 
from individual world-sheet topologies, @ 

2g+h-2=x 2g+h-l=x 2g+h-2=x 

Namely, J^^^M (^^y^)^ j^ia) = j^iafl)'^ jg contribution of oriented genus g surfaces 
with h boundaries, Tl^sM jg ^j-^g contribution of unoriented genus g surfaces with h 
boundaries and an odd number of cross-caps (note that one can trade three cross-caps 
for a handle plus a cross-cap) and /C^^''*^ comes from unoriented genus g surfaces with h 
boundaries and an even number of cross-caps. (Note that one can trade two cross-caps 
for a Klein handle, that is a handle with orientation reversal. The genus g in 
refers to the number of handles plus the number of Klein handles, with at least one 
Klein handle.) 

Moreover, each of those contributions in (11.31) should be computable by counting 
the number of maps from the appropriate surfaces into the background, similar to the 
expansion of the closed string free energy 

00 

^= ^jr(9)A2s-2 ^ (1.4) 

the orientifold plane, we refer to the theory as "real". Certain of the present definitions are good 
somewhat more generally. 

^In contrast to the physically motivated normalization of C/'--^-' used in [3j, we chose here a different 
normalization which is more convenient for practical computations. 
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with (ignoring constant map contributions polynomial mt = logg) 

j-(^) = ^4V, (1.5) 

d 

where the sum is over (positive) d G H2{X;Z), and n^^"* are the rational Gromov- 
Witten invariants. For future reference, we note the following expansion of JF in terms 
of integer BPS degeneracies, i.e., Gopakumar-Vafa invariants Njf\ 

g,d,k ^ 

In hindsight (say if one is given the answer by some other means) it is not necessarily 
clear how to disentangle the individual contributions in (11. 3p . Cancellation of the O- 
plane tadpole allows wrapping only a single D-brane on L, so we only have one discrete 
open string modulus e at our disposal. This only allows distinguishing whether h is 
even or odd. In some of our computations, however, there are ways to effectively 
introduce arbitrary numbers of brane-antibrane pairs, each with their discrete Wilson 
line degree of freedom. This allows keeping track of individual world-sheet topologies. 
Then we may write for h > 0: 



d=h mod 2 



d=h mod 2 ^-j^ 



d=h mod 2 

where the n^^''^^ and nf''^^^ are appropriate open and unoriented Gromov-Witten in- 
variants. In these expressions, d refers to the relative homology class in H2{X,L), or 
in the case of unoriented surfaces, the homology class of the covering map. 

More precisely, to write (II. 7p . one has to assume a certain prescription to deal 
with homologically trivial boundaries, which we will recall below. This prescription, 
together with the map H2{X, L) Hi{L) also explains the restriction to d = h mod 2, 
and entails the vanishing of the TZ^s,h) q^j, model. 

Independently of such assumptions, we can isolate the contribution from purely 
oriented closed strings (because that is known from before the orientifold projection!). 
Thus we define the amplitude Q'^^^' 

for X odd 
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which can be seen to have an expansion of the form 



(1.9) 



d=x mod 2 



in terms of rational numbers n^)^ , which one might call real Gromov-Witten invariants. 
As found in [3], the combined open-closed-unoriented topological string free energy 
without oriented closed string contribution, 



degree d curves. Physically, they also count dimensions of Hilbert spaces of appropriate 
BPS objects m. 

A nice property of the real topological string is that local and compact backgrounds 
are more closely related (the real brane is usually non-tor ic in local settings), and hence 
one can learn more for the compact case from the local real case than from the usual 
toric open topological string. On the other hand, some calculation techniques from the 
local toric case remain applicable, as we will explain presently. 

For the model at hand, the individual contributions in (11.71) can be explicitly calcu- 
lated via localization on the moduli space of stable maps, as performed by Kontsevich 
to calculate n^^^ |5], generalized by several authors to the open string case [6], [7] and 
recently completed by the inclusion of unoriented strings [3]. Especially, localization 
was used to compute various oriented amphtudes for our model of interest, i.e., local 
P^, in [SI [H]. The essential point that allows the extension to the real case, in this 
and other models, is that although the real brane is usually non-toric, it is often left 
invariant by the action of at least a one-dimensional torus. This is enough for local- 
ization to apply. (A toric brane in the usual sense is by definition always invariant 
under a two-dimensional torus.) We will review and apply this approach in section [2] 
to calculate the individual contributions to the topological amplitudes of local for 
some higher x and d. 




(1.10) 



X 




d=x mod 2 ^ 
k odd 

The N'}""^ should be seen as a real version of Gopakumar-Vafa invariants, counting real 
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In section [3l we will take a different approach to the same problem and derive 
the total topological string amplitudes via a real version of the topological vertex. 
Recall that the standard topological vertex solves the closed topological string (with 
background toric branes) on local toric Calabi-Yau threefolds by evaluating a certain 
cubic field theory on the toric diagram of the Calabi-Yau viewed as a Feynman diagram 
[To]. Applications of the topological vertex to orientifolds have been considered before, 
such as in [TTl [T2]. In these works, the involution defining the orientifold was taken to 
be freely acting. The main new feature in our study is that we deal with a non-empty 
orientifold plane. This also requires the introduction of a specific D-brane into the 
background on top of the 0-plane. An orientifold model that can be solved with these 
techniques of either localization or the topological vertex has the property that the 
toric diagram has an involutive symmetry to define the orientifold projection. (Toric 
Calabi-Yaus, which are rigid, are always invariant under complex conjugation, but 
unless this can be dressed with a symmetry of the toric diagram, no toric symmetry 
will be preserved.) There are then several possible cases for the fixed point locus. A new 
feature arises when there are vertices fixed under the involution of the toric diagram, 
and one then has to distinguish whether the fixed leg (of which there is necessarily 
exactly one) ending on the fixed vertex is "external" to the toric diagram or not. We 
will call the requisite transition amplitude the "real topological vertex" . By studying 
real local P^, we will be able to deduce the real vertex in which the fixed leg is external. 
Since our main aim here is a proof of principle, we will not try to go beyond that. It 
is conceivable that a more complete theory exists. 

Both localization and the topological vertex fail in general for compact models. The 
only tool available which works also in the compact setup, is mirror symmetry together 
with the (extended) holomorphic anomaly equations of [131 [S] . This approach has the 
notorious problem that one has to fix the holomorphic ambiguity (boundary conditions 
on moduli space) at each order in perturbation theory. In the closed topological string 
it has been shown [151 [IH] that detailed information about the singularity structure at 
the conifold locus can be carried over to compact models and leads to a very efficient 
solution scheme up to very high genus. For non-compact models, the same structure 
leads to complete integrability (for an explicit example, see [IZ]). It is natural to look 
for a similar structure also in the real topological string, and indeed we will make a 
find, see section HI 

Mirror symmetry and the holomorphic anomaly have the advantage that they give 
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an answer to all orders in the instanton expansion, but the disadvantage that they 
are limited to an order-by-order calculation in the string coupling expansion. On the 
other hand, the topological vertex gives an all-order result in the string coupling, but 
in practical computations is limited to the first few orders in the instanton expan- 
sion. Finally, localization is an order-by-order computation in both directions, and 
also computationally rather challenging. What it has going for it is that of the three 
techniques we study, it is the one that is likely easiest to put on a rigorous mathematical 
foundation. 

Some more concluding words with a sketch of possible directions of follow-up re- 
search are offered in section [51 Finally, the results for the real Gopakumar- Vafa invari- 
ants N'j^^ of local P2 are collected in appendix Rl 

2 The A-model 

In this section, we explain the computation of open and unoriented Gromov-Witten 
invariants of the real topological string on local using localization on the space of 
maps. For the reader's convenience, we firstly recall some basics about the localization 
calculation for pure closed string world-sheets. A more detailed exposition can be found 
in standard textbooks on mirror symmetry or in the original works [5], [18]. We then 
discuss the extension to open and unoriented world-sheets developed in [3] . Especially, 
we will work out in more detail some technical issues which are important at higher 
degree and genus. Some actual results of our calculations are listed in appendix [Al The 
reader not interested in explicit A-model computations may safely skip this section. 

2.1 Localization 

We first briefly recall the basics of how to calculate the pure oriented closed string 
contribution ri^^'"^ for local via localization. 

Define Ai^ = Aigfi{d,lP'^) as the moduli space of stable maps / : S ^ P^ from 
genus g curves into P^ with image of degree d G H2(JP'^, Z). Let e{Sd) be the Euler class 

^ 

of the bundle 8^ = H^{Tj^ , f*0{—3)) over Ai^. Then, the Gromov-Witten invariants 
n;j = are given by 

ni= [_.e{£d). (2.1) 
These integrals can be evaluated by the Atiyah-Bott localization formula. 
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To this end, consider the T = (C*)"^ group action on P^. The fixed points of T 
on are the three points Pi given by the projectivization of the i-th coordinate fine 
of C^. The only curves invariant under T are the three fines kj joining tfie pi. Tfie 
T action can be pufied back to an action on . We wiU denote tfie T-invariant 
subspace of Ai^ as '^Ai^ ■ Since a point in ^^M^ is a map of a genus g curve S to tfie 
T-invariant locus in P^, we immediately deduce tfiat S can only consist of tfie union 
of a certain number of n^-pointed irreducible genus g^j curves Ci%l joined togetfier 
by 2-pointed spfieres. Tfie Ci%l are contracted to one of tfie tfiree points Pi, wfiile 
tfie spfieres are mapped to tfie kj. It follows tfiat eacfi map / can be represented 
combinatorially as a connected grapfi, i.e., to eacfi map / we associate a grapfi T 
by identifying eacfi contracted component of S witfi a decorated vertex, wfiere tfie 
decoration is given by tfie genus of tfie component and tfie point Pi it maps to in target 
space. Tfie spfieres joining tfie contracted components are tfien identified witfi edges 
joining tfie corresponding vertices, wfiere eacfi edge is decorated witfi tfie degree [i.e., 
tfie multi-cover) of tfie map wfiicfi sends tfie corresponding spfiere to lij. 

Tfius, we fiave a map wfiicfi associates to eacfi point in '^M^i a decorated grapfi. 
Note tfiat tfie map is not one-to-one, but ratfier eacfi grapfi T corresponds to a subspace 
MJ C ml 

In order to see tfiis, observe tfiat eacfi vertex of tfie grapfi T comes witfi tfie moduli 
space of an ?7,^,-pointed genus gy curve, usuafiy denoted as M.g^,ny. Hence, eacfi grapfi 
corresponds to tfie moduli space Alp given by 

Mt = Il^9.,valiv) . (2.2) 

V 

Obviously, tfiere exists a map ■jp : Aip Mj, wfiicfi is fiowever not an isomorpfiism. 
In order to obtain an isomorpfiism, we need to quotient by tfie automorpfiism group 
of Aif given by Ap = Aut(r) k Z^^, wfiere Aut(r) is tfie automorpfiism group of T 
clS db decorated grapfi. 
Tfius, we fiave 

*AlJ = U (Mt/Ap) , (2.3) 
f 

wfiere tfie union is over tfie set of all non-isomorpfiic grapfis T wfiose topology and 
decoration fulfill tfie following criteria: 
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• 1 — \v\ + |e| + Ylv9v ~ 9-> 'where |f | and |e| is the number of vertices and edges, 
respectively. 

• i{va) 7^ ^(^b), for Va connected to v^, where i{vj) encodes the point in target space 
the corresponding component maps to. 

Applying the Atiyah-Bott localization formula then tells us that we can evaluate 
(12.11) via a sum over graphs: 

|Ap| e(Ar«0 ' ^'-"^ 

where |Ap| is the order of the group Ap. 

Explicit expressions for e{i*Sd) and e(A/'^*'") in equivariant cohomology have been 
derived in [181. We restate them here for convenience: 



3de-l r 

Ai(e) + ^(-^i(e) - Aj(e)) 



e m=l 



(2.5) 



1 yr (-l)-^-ci^ ^ 1 

X n n (A^M - A.O^'^'^")-^ (2.6) 

n.[(E^^.^^)^'^"'^"'n^^„^^^] for,(.) = o 

Uv Pg{v){K{v) - A,) Ufbv li;^ for g{v) > 1 ' 



with 



Wf = (Ai(F) — ^j{F))/de , 

= Ai + A2 + A3 - 3A, , 



(2.7) 



r-=0 

where i{e) and j(e) refer to the target space points the vertices attached to the edge 
e map to, F runs over the set of flags of a vertex, that is, all pairs (f , e) for a fixed 
vertex v with e ending on v. For a flag, we have i{F) = i{v) and j{F) refers to the 
other end point of e. Finally, E is the Hodge bundle, kf is a gravitational descendant 
and Aj are the torus weights. 

Thus, the integration in equation (12. 4p boils down to the evaluation of Hodge inte- 
grals, for which one can use Faber's algorithm [T9] . 
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Figure 1: a) The orientifold is chosen to act on such that the T fixed points pi and p2 are 
identified, while is mapped to itself. The sketched (football-shaped) spheres correspond 
to the lines lij. b) The line Z12 can be mapped to from either a disk or a cross-cap. c) The 
line /i3 corresponds in the quotient either to a 2-sphere by gluing disks of different color or 
to a Klein handle by gluing two disks of the same color. 

2.2 Orientifolded localization 

In order to calculate the remaining contributions to Q^'^^ via localization, one would 
like to replace by something like the moduli space Ai^ of stable maps f : ^ C 
from curves S of Euler characteristic x (with boundaries and cross-caps) into with 
image d in the relative homology group d G (P^, L; Z). 

The proper mathematical definitions related to have so far not been given, 
except when S is the disk [2U]. Nevertheless, and following [3], we can give a compu- 
tational scheme that allows the evaluation of a putative virtual fundamental class of 
M.^ , after localization. The main reason for this simplification is that after implement- 
ing the tadpole cancellation condition of [3], we effectively only need to count maps 
that send any boundary to a non-trivial one-cycle on L, and that do not contract any 
cross-caps. As a result, we have to deal only with moduli spaces of n-pointed genus g 
curves, as without orientifold projection, and also avoid potentially dangerous regions 
in moduli space where a node lies right on top of the orientifold-plane. 

To begin, we choose the involution I such that it is maximally compatible with the 
covering space action T. This means that the projection leaves a subtorus T = C* C T 
intact. Such an / identifies two of the three covering space fixed-points pi and as 
well two of the fixed-lines Uj. We arrange it such that pi is identified with p2. The 
corresponding action I is sketched in figure [T^. We infer that /12 is mapped to itself 
and can receive a disk or a cross-cap, as sketched in figure [Dd. Note that one can glue 
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two of these disks or two cross-caps to obtain a 2-sphere or a Klein handle, respectively. 
The line /13 can correspond to either a 2-sphere or a Klein handle. How that Klein 
handle occurs is sketched in figure [lb. In detail, one half of the line can be thought to 
correspond to the line /13 while the other half comes from the mirror line 123- 

As in the case without orientifold projection, we can pull back the T action to an 
action on Ai^ . We will denote the T invariant subspace as ^^Ai^ ■ Due to our restriction 
to homologically non-trivial boundaries, we have that S can only be the union of n- 
pointed irreducible genus g curves mapping under / to one of the two non-invariant 
torus fixed points pi,p2, and joined together by either 2-spheres or Klein handles. 
Furthermore, irreducible disk or cross-cap components can be attached to a contracted 
component. As before, it follows that each map / can be represented combinatorially 
as a connected graph F, with a bit of additional decoration. 

The contracted component curves correspond again to vertices decorated with the 
genus of each component, as well as by the point it maps to in target space. As before, 
the 2-spheres joining the contracted components are mapped to edges connecting the 
corresponding vertices. As a novelty, the Klein handles joining contracted components 
are identified with Klein edges, which we may draw as an edge with a cross on top. 
Note that a Klein edge can be attached to a single vertex, i.e., it may form a loop (in 
distinction to an ordinary edge). We will refer to these Klein edges also as external 
Klein edges, while the Klein edges connecting two distinct vertices will be refered to as 
internal Klein edges. The disks and the cross-caps map to half-edges (also known as 
legs), or cross-edges attached to the vertices corresponding to the contracted component 
to which the disk or cross-cap are attached to, respectively. We will draw these simply 
as half-edges or half-edges with an arrow, attached to vertices (with i{v) = 1 or 2 
decoration). Note that there is a non-trivial restriction on graphs with Klein edges. 
Namely, since a Klein edge represents a handle (with orientation reversal), a proper 
graph should not split into disconnected components after removal of a Klein edge. 

As in the unorientifolded theory, each vertex can be associated to an ordinary 
moduli space Aig^^vai{v), such that the full graph corresponds to the moduli space 



Again, there is a morphism 7r : Air — > C '^Ai^ , which becomes an isomorphism 



Mr = YlMg^,vai{v) ■ 




V 
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if we quotient by Ap, the automorphism group of Air- Thus, 

^TWJ = U (:Mr/Ar) . (2.9) 
r 

However, one has to be extra careful with Ap. In order to illustrate why, let us slightly 
change our point of view. 

To each curve E we can associate a corresponding covering curve E with S = S/a. 
The covering space curve S has genus ^ = x + 1- Moreover each map / can be lifted 
to a covering space map / which is equi variant: 

f = Iofoa-'. (2.10) 

That is, the following diagram commutes: 



(2.11) 



5] Y; 

Thus, Ai^ can as well be defined as the fixed locus of the moduli space Ai^ of the cor- 
responding doubled curve, i.e., M.^ = M.^ , with uo* the map obtained by conjugating 
with I and o", as in fl2.10p . In particular, 

wJ=-**A^^ (2.12) 



Recall that to each / G "^M-d and / G '^M.d have associated a corresponding 
graph r, or F, respectively. In thinking about these various identifications, and their 
automorphism groups, one's first naive expectation is that 

r = t/uj* , (2.13) 

holds, with 

|Aut(r)| = |Aut(f)*| , (2.14) 

where Aut(f )* is the subgroup of Aut(f ) that commutes with uo* . Note that us* acting 
on r leaves no vertices fixed, due to our restriction to non-trivial boundaries and cross- 
caps. 

To see that the relation is more subtle than described in (12.131) and (12.141) . note 
first that the inverse of relation (I2.13P is always true. Namely, to a given graph F 
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Figure 2: The two graphs Fi ^ r2 can potentiahy contribute to ng ' . However, we have 
that f 1 = f 2, with Fi = Ti/uj* and r2 =t'2/uj* ■, hence only one should contribute to ng^''''*'"". 



we can associate a corresponding covering space graph f via the following "doubling" 
procedure: For each vertex v draw a corresponding mirror vertex v' with same v{g) 
but mirror i{v) decoration and for each edge draw a corresponding mirror edge. Then, 
for each disk and cross-cap connected to a vertex, draw an edge connecting the vertex 
with its mirror. Further, for each external Klein edge draw two edges connecting the 
vertex and its mirror, while for each internal Klein edge connecting the vertices vi and 
V2 draw an edge connecting Vi to v'2 and one connecting V2 to v'^, where v[ are the 
mirror vertices. 

However, while this doubling procedure gives a well-defined map F 1-^ F, there is 
generally no good inverse, i.e., relation (12.131) does not hold in general. For example, 
consider the graphs Fi and F2 shown in figure [2j Both belong to the same equivalence 
class [F], i.e.., there exists an isomorphism a : Fi — * r2, equivariant with respect to 
uj* . However, the corresponding quotient graphs under uj* are not isomorphic. This is 
because in general the quotient graph [fj/cu* depends on the choice of representative 
of [F], i.e., we have that 

[f]K = U [F,], (2.15) 

i 

where [Fj] are equivalence classes of non-isomorphic quotient graphs Fj. Nevertheless, 
the equivariance condition for / implies that we should include only one graph F G {Fj}, 
since / should descend to a unique /. 

Hence, the relations Mj = C "^M.^, and (12.131) . should be understood in 

the sense that they may include a choice of representative of [F] . However, note that 
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2* 



Figure 3: The cyclic graph f = Cg with two differently acting involutions to* . The involution 
Lol yields a quotient graph Fi with two half-edges contributing to h^'"^^ , while the involution 
(awf) results in a graph r2 with a Klein edge contributing to ng^'*^^*. The bold-face 



number is |Aut(f )|, while the bold-face numbers with star are the orders of the subgroups of 
Aut(r) that commute with uj* . 



independent of a choice of representative, we have 

= ^*Mt = \[Mt . (2.16) 

The lesson we learn is the following. In order to avoid multiple countings we have to 
include in (12. 9p only one representative oiV /uj* . In practice, this means that we have 
to perform an extended isomorphism test on the set of graphs {F}, i.e., two graphs 
need to be considered as identical if they are firstly isomorphic after replacement of 
Klein edges with normal edges or if they secondly lift to the same covering graph. 

Let us now take a closer look at the relation (12.141) . As an illustrative example, 
consider the graph F with the two differently acting projections uj* sketched in figure 
[31 We see that u;* satisfies condition (12.141) . while not. This raises the question 
whether Ar involves Aut(F) or Aut(r)*. Again, the equivariance condition implies 
that Aut(F)* is the correct choice. Hence, 

Ar=Aut(f)* X mzrf^n^^^n^'^^n^^j - (^.i?) 

V c e k h / 

where k runs over the set of Klein edges, h the set of half-edges and c the set of 
cross-caps, if present. 

Finally, incorporating the tadpole condition of 0, which tells us that graphs in- 
volving disks with even degree cancel against graphs with cross-caps, we deduce that 
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the set {r} contributing to nf' and nf' includes all non- isomorphic and extended- 
non-isomorphic graphs F which fulfill the following criteria: 

• dh is odd for all half-edges. 

• 1 — 2\v\ + 2|e| + 2\k\ + \h\ + (7^ = where \k\ is the number of Klein edges 
and \h\ the number of half-edges. 

• Edges connect only vertices with i{e) 7^ j(e). 

• Half-edges are only attached to vertices with i{v) = 1 or 2. 

• Klein edges only connect vertices with i{k) = j{k) or with i{k) = 1 or 2 and 
j(^) = 3 or vice- versa. 

Then, with T = T/uj* we obtain from (I2l4l) : 




(2.18) 



where the sum runs over the set {F} specified above. Note that our discussion does 
not a priori fix the overall sign nor the sign of each individual graph. However, most 
of the sign factors in (12.180 can actually be borrowed from the tree-level discussion in 
[20] . The remaining signs were determined in [3] based on computations on compact 
models, comparison with the B-model, and integrality of Gopakumar-Vafa invariants. 
The existence of the sign (—1)'^ can also be inferred from the requirement that the 
contribution of a given class of equivariant graphs should be independent of the chosen 
quotient representative, see discussion around eq. f l2.15p . 

The contribution of vertices, edges and Klein edges of the quotient space graph F to 
the integrand of fl2.18p is as before accounted for by (12. 5p and (12. 6p . and supplemented 
by the following modifications. For each half-edge ending on a vertex v, add a fiag 
{v, h) to the set of fiags of v. Define i{h) as the image point pi to which v maps in 
target space and j{h) the image point Pj of the corresponding mirror- vertex in the 
covering graph. We also multiply the integrand by the following factor accounting for 
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the half-edges. (This is essentially just a squareroot of an ordinary edge contribution.) 



D(T)=Y\ ' "^f^' TT 



a=0 

2 r 

in 



(2.19) 



n 



The Klein edges are treated like usual edges, however with i{k) and j{k) defined as 
i{v) and j{v) of the corresponding covering graph edge. At the very end, we need 
to identify in the integrand Ai = — A2. Then we cancel any common factors between 



numerator and denominator from each summand. These could cause ill-defined 



type expressions when we set A3 = in the final expression for h\ 

We have developed a full computer implementation of the above prescription and 
used it to calculate the open and unoriented Gromov-Witten invariants up to x = 9 
for various degrees. We will not list the complete data, but rather just give the real 
Gopakumar-Vafa invariants which we were able to verify with our data, see appendix 
Rl Some of the Gromov-Witten invariants that we obtained can be inferred from the 
large-volume expansions given in section 14.21 These amplitudes were computed by 
using our localization data to fix the holomorphic ambiguities of the B-model. This 
will be explained in detail in section HI 



3 The real topological vertex 

The localization computations of the previous section quickly become rather compli- 
cated with increasing genus and degree. There are two sources of complexity. First, 
one has to generate the decorated graphs and correctly determine their automorphism 
groups. As we have seen, this can be tricky especially in the real case. Second, one has 
to evaluate the graphs, and in particular to compute the Hodge integrals. The best 
available general algorithm for this still is Faber's. On the other hand, note that the 
computation of the Hodge integral is a local problem, attached to the fixed points of 
the torus action. Some years ago, it has been realized that there is in fact a closed 
formula that resums the requisite Hodge integrals to all orders in the genus expansion, 
and that incidentally also solves the first-mentioned graph combinatorial problem in a 
very efficient way. This is the topological vertex [TO] . 
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Figure 4: Trivalent diagram representing local for the purposes of evaluating the topo- 
logical vertex. 

3.1 Topological vertex for local 

Instead of setting up the full formalism of [TU], we give here an elementary account of 
the topological vertex at work on local P^. This will be sufficient to write down the 
formulas that compute the amplitudes also in the real case. 

The toric diagram representing local P M fibration over a three- 

dimensional base is shown in figure HI According to [2T1[22], the total closed topological 
string partition function of local P^ is given by 

Z= Yl (-l)^'^'''^?"^'^"'e'*^'^'''^C'o^|iJiC'o«*.iJ3CoiJii?. • (3.1) 
Ri,R2,-R3 

In this sum, the Ri run over all Young diagrams (representations of U (oo)), l{Ri) is the 
number of boxes in Ri, and n{Ri) is related to the second Casimir of the corresponding 
representation. These initial factors come from the need to adjust the framing on the 
internal legs between the vertices. But the central ingredient of (13.11) is the topological 
vertex itself. The full three-legged vertex (in the canonical framing) is given by 

r - „«:i52/2+Kfl3/2 AriJl jsrRl ^RiQi^R2Ql n\ 

Q,Qi,Q3 

where the Nqq_^ are the U{oo) tensor product coefficients, and Wr-^r^ = WriR2{q) is a 
certain rational function of q that arises by taking a specific limit (in level and rank) 
of the Chern-Simons invariant of the Hopf link in decorated with Ri and i?2- When 
one of the representations on the vertex is trivial, we have the more compact expression 

CoR,R2 = q''''-''^WR,R, . (3.3) 
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In all these formulas, we have adopted the standard topological vertex notation in 
which t still denotes the Kahler parameter of P^, but g = e'^ is the exponentiated 
string coupling. We make full contact with the previous notation by relating the free 
energy in those variables to the Gopakumar-Vafa invariants (cf. (11. 6p ) 

^ = logZ= J^iVf i(g'=/2_^-fc/2)2,-2^_ifc, _ ^3^^^ 

d,g,k 

3.2 Taking a squareroot 

We are now in a position to present the formulas that express the real topological string 
amplitudes of local in terms of the (real) topological vertex. The basic idea is the 
following. The topological vertex can be viewed as an all-genus resummation of the 
local contribution at each vertex on the toric diagram to the localization formulas for 
the topological string amplitude (see, e.g., [23]). Going from the ordinary topological 
string to the real topological string amounts in the localization formalism to first restrict 
to the graphs fixed under the target space involution, and then take a squareroot of 
each individual contribution. The only conceptual difficulty is to understand which 
sign of the squareroot to take. 

Taking these observations together, all we have to do to obtain a real vertex for- 
malism is to identify the action of the target space involution on the toric diagram of 
figure m and on formulas (13.11) and (13.21) . and then to take an appropriate squareroot. 
It is in fact not hard to see that the action on the representations is Ri ^ R2 and 
i?3 1-^ i?3. Using the symmetry of the topological vertex 

we see that for the fixed configurations, Ri = R2, the summand in (13. ip is of the form. 

This is a perfect square except for the final term, which arises at the vertex fixed under 
the involution. Such a term will arise in general toric Calabi-Yaus with involution that 
leaves some vertices fixed, but permutes two of the legs ending on it. In that case, we 
will generally require a "real topological vertex" that might be obtained by taking an 
appropriate squareroot of the expression (13. 2p for the topological vertex with R^ = R\, 
and R2 = R\. Indeed, we see that with this external data, and restriction of the sum 
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to Qs = Qi, the vertex is itself almost a sum of squares, 

except for the Wr^q in the denominator. We do not know at present how to take a 
squareroot of that last term. But luckily, for our application to local P^, we only need 
the two-legged vertex, and the real vertex only with trivial representation i?2 = on 
the fixed leg. Based on the above observations, we propose the following expression for 
that real vertex amplitude 

^real ^ ^-«,,/4 ^ N^^^qWq^o • (3.8) 

Q,Qi 

Returning to the formula for local P^, we obtain for the partition function of the real 
topological string 

^real^ ^ (- 1 (- 1 )P(«3) )+Ki?3)/2) ^-5.«, /4-.«3 /4^rcal^^^^^^ ^ ^g g^ 

Ri,R3 

where (-l)p(-f^3) = ±i 

is an a priori undetermined sign. Note that for symmetry 
reasons, this sign can only depend on R^, as we have indicated. Some experimentation 
shows that its correct value is determined by the number of boxes in even columns. In 
other words, if consists of rows of length li, . . .Ir, then 

We are not aware that such a sign associated with 2d partitions has appeared before, 
nor does there seem to be any representation theoretic meaning. This would be worthy 
of clarification. 

In any event, we can now make contact with the other expressions for the amplitudes 
of real local P^. The real analogue of (13. 4p . see also (11. lip , is 

logZ'--i = l^+ V Ar^wl(//2_^-fc/2^Xg-tfcd/2^x . (3.11) 

2 th 

d=x mod 2 
k odd 

These formulas reproduce the localization results of the previous section, wherever the 
available data has allowed comparison, and also agree with the developments of the 
B-model to which we turn presently. 
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To close this section, we point out that we have merely scratched the surface of 
the real topological vertex. Starting with the derivation, but including its properties, 
applications, and connections with other theories, one can ask for a real counterpart of 
essentially everything that is known about the ordinary topological vertex. The central 
question in this endeavour is whether the signs can be understood in a uniform way. 
We have to leave this for the future. 

4 The B-model 

We now turn to a computation of the real topological string amplitudes using the mirror 
B-model. Here again, most of the technology is already in place in the literature, so 
we will be rather brief, and just restate the formulas in our chosen normalization. The 
main aim is to push the holomorphic anomaly technique to higher order in perturbation 
theory. Besides reproducing the A-model results from section [2] and the results from 
the real topological vertex from section [HI the main payoff will be a new gap structure 
in the expansion of the real topological string amplitudes at the conifold. 

In order to set the stage, let us briefly recall some basic facts. While we introduced 
the A-model topological string free energies JF(t),/C(t) and Q{t) in a rather geometric 
way as a count of holomorphic maps from world-sheets with specific topology into 
a Calabi-Yau manifold with Kahler parameter t, it is important to note that this 
interpretation only holds at large volume. Away from this point in moduli space, 
classical notions of geometry break down and so does the original interpretation of the 
free energies. On the other hand, the proper definition of the perturbative amplitudes is 
really in terms of the topologically twisted 2d world-sheet theory, which is well-defined 
over the entire stringy Kahler moduli space. Here it is where mirror symmetry comes 
to rescue, since the A-twisted world-sheet theory on X is equivalent to a B-twisted 
theory on a mirror Calabi-Yau geometry Y, with Kahler parameter traded for complex 
structure, such that the B-model captures the quantum regime of the A-model. In 
particular, the corresponding B-model amplitudes J-'{z, z),]C{z, z) and Q{z, z) are now 
functions over the complex structure moduli space of F, which we will denote as M.y- 

A key point that allows to efficiently solve for the amplitudes in the B-model is that 
their anti-holomorphic derivatives over M.y do not vanish [13], as we have indicated 
in the notation. The so-called holomorphic anomaly equations [131 [HE], completely 
determine the anti-holomorphic dependence of the amplitudes, and reduce the prob- 
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lem to the fixing of tlie liolomorpliic part. Constraints of modular invariance and a 
priori knowledge about the compactification of the moduli space make this a finite- 
dimensional problem. Its general solution is still rather elusive, but important progress 
has been made in recent years. An additional bonus of the B-model is the possibility 
to analyze the structure of the amplitudes at special points in moduli space other than 
large volume. 

4.1 Solving the (extended) holomorphic anomaly equations 

The extended holomorphic anomaly equations of [T^ |3], specialized to the local 1- 
parameter case, are given by 



where Tz-z = Dz - ■ ■ DzT, similarly for the /C, and 2; is a local coordinate on the 
space of complex structures, Aiy, of Y. Further, Czzz is the usual Yukawa-coupling, 
i.e., the sphere three-point function, and Azz is the disk two-point function (with 
bulk insertions). As usual, indices are raised and lowered via the Kahler metric on 
Aiy- Note that we have here already implemented tadpole cancellation, so we can 
consistently set the TZ^s,^) zero. 

Equations (14. ip and (14.21) can be solved recursively. Let us for the moment consider 
the simplified case without open strings, i.e., h = 0. Then, recursively solved, the 
equations give an expression for J^^^fl) ^^d /C-^'^^ in terms of JF^^''') and }C^^'^\ These 
1-loop amplitudes have the following holomorphic limits [131 E] 





91+92=3 
hi+h2=h 
2gi+h,>l 



and 





(4.3) 
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where we defined r = dtz{t) to be the derivative of z with respect to the preferred fiat 
coordinate t at the large volume point of Aiy The 1-loop holomorphic ambiguities 
occurring in (14. 3p are for local given by 

a(i'°) = -1 log(^) - i- log(-^) - 1 log(l - 27z) , 

(4.4) 

ag'°) = -ilog(.)-ilog(l-27.) . 

To proceed, we define the non-holomorphic objects (propagators in Feynman diagram 
language) S^^ and K^^ as 

-pirn 



^zzz 

where the Yukawa coupling Czzz = T^zJz' reads for local 

Comparing with 04. 3p . we see that K^^ and S^^ differ only by a holomorphic function 

j^zz ^ gzz ^ ^d^K£_ ^ 

^ zzz 



with 



_ ^(1.0) „(1,0) 



Hence, we can express both and k!"z'^^ in terms of the single non-holomorphic 

propagator S"^^, up to holomorphic terms. Furthermore, (using the special geometry 
relation) it is easy to deduce that one can re-express the covariant derivative of S^^ in 
terms of S"^^, i.e., 

D.S^' = -C,,, iSn' + iaDs)T ■ (4.9) 
and that a similar condition holds for the connection coefficient F^^, 

F:, = -a..^- + (ar)L • (4.10) 

Here, aos and ar are global holomorphic functions. For local P^, and our definition of 
the propagator fl4.5p . we have 

(1,0) 7 - 216z 



ar = 2 d.a"-^'"^ = , (4.11) 

a^s = ^ r • (4.12) 

* 12(1 -27z) ^ ^ 
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Thus, we conclude that all JF^^-'^) and /C^^''^^ can be expressed as polynomials in the 
single propagator 5^^, with coefficients given by holomorphic functions in z. This idea 
originated in [21], to which we refer for more details about the JF^^'^) case. 

Let us now include the open string sector. With assumptions detailed in [Hj, the 
only new ingredient that enters the recursive solution is the disk amplitude with two 
bulk insertions. In the holomorphic limit, this is given by [1^^ 



A.. = = ^AT, (4.13) 

where T is the domain-wall tension. As for the closed string case, we can define a 
no n- holomorphic object (terminator in Feynman diagram language) 

-77(0-1) 

= , (4.14) 

which for local satisfies 

D,A^ = . (4.15) 

As a consequence, the amplitudes J^'^sM ^^d IC^^'^^ can be expressed in terms of the 
two non-holomorphic objects S^^ and A^, with holomorphic coefficients. A detailed 
discussion of the (oriented) J^^sM ^^^^^ ^.g^^ found in [25l [26]. Then, using the 
relations [HI [H] 

Cf = d,S'', = dsA', (4.16) 
one can re-express the above extended holomorphic anomaly equations as 

2 ^ ^ 2 (4.17) 

a^.jrto,^) = _jr(9,h-i) ^ 



and 



(4.18) 



These equations can be easily solved by direct integration, up to the holomorphic 
ambiguities to which we will return momentarily. 

Before that, recall that in (11. II) we have identified the total topological string am- 
plitude Q^^^ as a combination of jF's and /C's (see (11.31) . with Tl^sA) = q). It is clear 
that one can write down a combined holomorphic anomaly eqation directly for the 
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total amplitude which is in fact somewhat simpler [3] (as already stressed in the 
introduction, we are working here with a different normalization of G^^\ as a result the 
combined anomaly equation we are using differs slightly from the one presented in [3]) 

d,g^^^ = \ c'f ^w^(>^) + ^ir'^ - ^iQ^r'^ ■ (4.19) 

Xl+X2=X-2 

x«>o 

It is obvious that just as the individual amplitudes JF and /C, Q^'^'^ can be written as a 
polynomial in the non-holomorphic propagator 5*^^ and terminator A^, with holomor- 
phic coefficients. Thus, we can re-express (14.191) as 

2^ (4.20) 

which again can be simply solved by integration, yielding a polynomial in S^^ and 
with holomorphic functions in z as coefficients. 

4.2 Fixing the holomorphic ambiguities 

In order to evaluate the polynomials in S"^^ and A^ that we have obtained by integrating 
the holomorphic anomaly equation, z.e., to obtain explicit expansions of JF, /C and 
we have to specify the coordinate z. That is, we have to chose a point in moduli-space 
around which to expand these amplitudes. Furthermore, the holomorphic ambiguities 
of these amplitudes, which we will denote as a^/^^ and ag^\ have to be fixed. 

The natural point of interest in moduli space is the large-volume point with fiat 
coordinate t corresponding to the Kahler parameter of P^. At this point, we can 
compare with our results from localization and the real topological vertex to fix the 
ambiguities al^y^^ and Og^ . The mirror map zif) and the domain- wall tension T that 
enters into A^(t) can be obtained from the (inhomogenous) Picard-Fuchs equation (we 
have taken the liberty to multiply the inhomogeneous part with an additional factor 
of — z(27r)^ in comparison with [3]) 

{Q^ - 3z9{39 + 1){39 + 2)) T = - , (4.21) 

with 9 = zdz- The solutions of the homogenous equation near z = yield the well- 
known closed string periods (leading to the mirror map z{t)), while the solution of the 
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inhomogeneous equation gives the domain-wall tension interpolating between the two 
open string vacua (recall that we have a discrete Z2 valued Wilson-line on the brane). 



r -2i V{'M2? V r(3n + 3/2) 



n=0 



(4.22) 



Using the definitions (14.51) and fl4.14p . we obtain the following large- volume expansions 
of the z{t), S''{t) and A'{t) 



z{t) 



q-Qq^ - 9q^ - 56g^ + 300g^ - 3942^*5 + 48412^^ - 

3g7---- , 
1881gii/2 , 



15g3 + I35g4 + 785?^ + ^q^ + 18333^^ 



(4.23) 



3^3/2 _ 39 5/2 _ m 7/2 _ 765 9/2 
2^ 2 " 2 " 2 " 



with q 



Note that 



-A* 



(4.24) 



where r = dtz{t). Plugging these expansions into the polynomial expressions for JF 
and /C and comparing with our localization results allows us to fix the holomorphic 
ambiguities up to a certain order. We here report our observations. 

First of all, the holomorphic ambiguities of J-'^^'^\ j^i^'^) and /C*-^''^^ take a very 
simple form. More precisely, in our scheme, the ambiguities a^^'^^ and a^''*'' all vanish, 
whereas we find for the ambiguity a^r'^^ of JF^^''^) 



^ ^ , (4.25) 

2(2'>+2)/l 

Secondly, one may note that the open string degenerations alone completely generate 
all Feynman diagrams for J^^'^''^\ J^^^'^\ and K,^^''^^ for all h. This means that using a 
fiat coordinate t, we have the following simple expressions for these amplitudes, which 
can be evaluated even for very large h most economically: 

h-2 

^(°'2)(t) , 



= J dA*ai^(^'"-i) = / dA% 

.F(^'°)(t)+x: 



(4.26) 



dA'dt 



dA'dt 



(h-i) 



{i>i) 
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For higher genus, things become more involved, and there does not appear to be a 
simple structure as in (14.251) . For illustration, we give here the following oriented open 
string amplitudes 



(4.27) 



T7(2,l) _ _ VI _|_ 79g^/^ _ 59q^^^ , 2597g'^/^ _ 205151g'^/^ , 31659529g"/^ , 

~ 2880 ~'~ 2880 128 ~'~ 720 240 ~'~ 640 ' ' ' ) 

77(2,2) _ llg _|_ 41g^ I 10663g3 _ 3895619-^ , 13173223g^ _ 54137560099^ , 

~ 3072 12288 ~'~ 2560 30720 ~'~ 3072 20480 "r ' ' ' ) 

7:'(2,3) _ 87g3/^ _ 3259g^/^ _ 476291g'^/^ _ 465417g^/^ _ 348949197g"/^ , 

~ 20480 10240 20480 20480 20480 "r ' ' ' ) 

-77(2,4) _ 407g^ I 57861g-^ , 2103243g* , 15796159g'^ , 48978969039^^ 1 

~ 81920 ~'~ 32768 ~'~ 20480 ~'~ 32768 ~'~ 81920 "I" " " ' • 

and the following unoriented amplitudes. 

ir(2,0) _ _5g_ I 33g^ _ 109539=^ , 2234959^^ _ 139262079^ , 379810917g'^ , 

128 ~'~ 16 64 32 64 64 ■ ■ • , 

t-(2,l) _ _9g^ _ 12723g5/2 2705859^/^ _ 132821379^/^ , 19515357279^/^ , 

~ 128 1024 256 256 ~'~ 1024 "T ' ' ' ) 

t-(2,2) _ 99g^ I 488979^^ _ 4235175g-^ , 1200732039^ _ 201533952699*^ , (a no\ 

2048 ~'~ 1024 1024 ~'~ 512 2048 ' ' ' ) \ ■ °) 

If (2,3) _ 747g^/^ _ 4921425g'^/^ , 215009073g^/^ _ 27419944149g"/^ , 

~ 4096 32768 16384 32768 + ' ' ' ) 

^(2,4) _ 347499=^ , 6909435g'* _ 1208349657gS , 212695861239'^ , 

~ 32768 ~'~ 16384 32768 8192 -\- ■ ■ ■ ■ 

In all these cases, we have parameterized the holomorphic ambiguities of J^^sM ^^^^^ 

JC^gA) yjg^ function 



n-l 



^i+h/2 

i=0 



where a,- are rational numbers and 



n 



1 forJ^(9'°) 

, , • (4-30) 

2 else 



We have then compared the coefficients of the g-expansion in low degree with our 
localization results in order to determine the coefficients of the holomorphic ambiguity 
Cj. Note that the number of coefficients that needs to be fixed is larger for h 
than in the purely closed string case. This can be traced back to the existence of the 
tensionless domain wall at the orbifold point and the resulting singularity of the JF 
and /C at this point. On the other hand, it is mildly comforting that the number of 
unknown coefficients does not grow with h. (Naively, one might expect n ^ 3g + h or 
something similar.) This could suggest that there is additional structure that we have 
so far not identified. However, hopes of finding a very simple expression as in (I4.25P 
for g > 1 have so far not materialized. 
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The (individual) amplitudes we have determined so far are only sufficient to obtain 
Q^^^ via relation (11.31) up to x = 3 (which has been already achieved in [3]). In order to 
go beyond we need more information. A prime candidate to look at is the conifold point 
in moduli space, where it is known that the expansion of the closed string amplitudes 
possesses a "gap" . This structure, whose existence can be understood physically, 
gives enough information to completely determine these amplitudes for all g [151 [El [13 • 
It is natural to ask whether there is as well some systematics in the expansion of the 
real topological string amplitudes at the conifold point. 

To exhibit the gap, we ffist need the appropriate flat coordinate. To this end, we 
solve the Picard-Fuchs equation (14.211) after the variable transformation z — > z' = 
where A is the discriminant A = 1 — 272. Thus, 6 ^ 6' = {A — 1)9a and we obtain 
the known closed string periods at the conifold. In particular, we deduce the local fiat 
coordinate at the conifold tc to be, 

J. _ ^/q A _|_ llA^ I 109A^ _|_ 9389A-* 88351A5 , 823187A'^ , 68584051A^ + ■ • • (d SI") 

c ^ ^ "T "T 8748^3 98415^3 1062882^3 100442349^3 I • ) 

The additional solution %, of the inhomogeneous equation corresponds to the domain- 
wall tension at the conifold (up to a rational closed string period), 

q- _ A^ _|_ 121A3 _|_ 3197A'* , 4372889AS _|_ 222720689A'^_ , 79384773199A^_ i . . . (A QO] 
^ 24^3 2592\/3 69984^3 100776960^3 5441955840^3 2057059307520^3 "r ' ' ' • I • J 

As before, we can then easily infer the expansions of z{tc), S^^{tc), and A^(tc) at the 
conifold point. We obtain 

/ , \ _ J_ _ tc I lite _ 145fg _|_ 6733f^ 120127t^ , 

^V^c) — 27 27V3 ~^ 1458 39366^3 12754584 573956280v^ ' 

qzz(j. \ ^ 1 L 4fe _ 103fg , 317tg 254887f^ , 8144183^^ oo\ 

I'-cJ 1458 2187v^ 118098 354294^3 1033121304 46490458680^3 ' ^^■'^'^1 

\z(f \ _ __tc_ _|_ 53fc^ _ 817fc^ _|_ 346487fc'^ 17312837te'^ , 

^ l''cj -r 11664^3 629856 408146688^3 110199605760 " 

Observe that while the coordinate rescaling tc V^t^ can be used to make the ex- 
pansions of (the closed string quantities) z{tc) and S^^{tc) rational, the open string 
quantity A^(tc) stays irrational, therefore in comparison to the oriented closed string 
case, we do not perform such a rescaling. (Although, the rescaling would still make 
the expansion of the amplitudes with an even number of boundaries rational.) Using 
these expansions, we obtain the following conifold expansions of the amplitudes given 
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(4.34) 



above. 

^(2,1) _ 7 I 1621fc 97207te^ , 18202763te^ 71727601te'^ i 

466560^3 ~^ 22394880 906992640^3 ~^ 587731230720 3526387384320^3 ~^ ' ' 

-77(2,2) _ 227te _|_ 954653fc^ 5012287te^ , 4892098657tc'^ i 

1492992^3 ~^ 8707129344 39182082048^3 135413275557888 ' ' ' ) 

^•(2.3) _ 545fe 15095299fe^ _ , 4878199531te^ 92953690463fc'* i 

8957952 87071293440^3 ~^ 56422198149120 1015599566684160^3 ' ' ' ' 

-77(2.4) _ 2735fc _|_ 520278533te^ 6588078971te'' , 1013092981fe'* i 

53747712v/3 8358844170240 56422198149120v^ 20061226008576 ' ' ' ' 

in the oriented sector and 

r(2,0) _ 27 _ 47 _|_ 191tc _|_ 17693tc^ 41893te^ i 

l2Uc'^ 13824 279936^3 ~^ 201553920 408146688^3 ' ' ' ' 

t-(2,l) _ 19 15955fe 12149fe^ i 29671433te^ 54115555te'^ i 

9216^3 35831808 161243136^3 ~^ 313456656384 626913312768^3 ' ' ' ' 

t-(2.2) _ 1003 I 9529fc 330943te^ 10573571^^^ _ i (A Qc;^ 

2654208 17915904^3 7739670528 104485552128^3 ' ' ' ' \^.00 ) 

t-(2,3) _ 491 25373fc i 615487fc^ i 280904809te^ , 

2654208^3 161243136 5159780352^3 ^ 30091839012864 ' 

^(2,4) _ 193 I 191993fc 74663195te^ i 690070327fc^ i 

7077888 1719926784^3 1486016741376 ^ 30091839012864^3 ' ' ' ' 

in the unoriented sector. We observe that the open string amphtudes are all regular 
and /C*^^'''-' possesses similarly to JF^^'''^^ a gap at the conifold. Namely, as tc 0, the 
amplitudes are of the general form 

% (4.36) 

tc 

the important point being that except for the leading singularity, the coefficients of the 
other singular terms all vanish. Furthermore, the order of the leading singularity at 
the conifold (of the amplitudes without fixed holomorphic ambiguities) can be easily 
parameterized in terms of g. Since we expect that this structure of the amplitudes 
is general, the holomorphic ambiguities parameterized by (14.291) need to preserve this 
structure. Each vanishing coefficient imposes one condition on i-e., fixes one co- 

efficient Cj. Hence, we deduce that the conifold gives the following number of conditions 
which can be used to (partly) fix the ambiguities of the amplitudes: 

r2^ - 3 for }C^9,o) 

#c = < 2^ - 2 for }C'^3,h) and J^(s,i) . (4.37) 

[2^-1 for J^(f'^) {h>l) 

Nevertheless, ~ g conditions remain undetermined. In particular, the leading singu- 
larities of the Klein bottle amplitudes /C-^'^^ at the conifold, which we have denoted as 
\E'g, needs to be understood. We will briefiy come back to this point below. 
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One might hope that the left-over conditions can be fixed via some additional sys- 
tematics at the orbifold point. However, performing similarly as above the expansions 
of the amplitudes at the orbifold point, we have to conclude that there is no apparent 
such systematics which could aid in fixing the remaining ambiguities. Therefore, for 
the time being we have to rely on localization to fix the ~ g remaining conditions. With 
the data at hand, we have completely determined from the individual amplitudes 
up to X = 6. 

If we instead directly compute the combined amplitude Q'^^'^ via f l4.20p . we can go 
a bit further since the real topological vertex provides data for higher x- Similarly as 
for the individual amplitudes, we parameterize the holomorphic ambiguity of Q'^'^^ via 

4^^ = E«^7T^^' (4.38) 



i=0 



with n = |C, S 




for Y even 

^ . (4.39) 

for X odd 

The conifold expansion shows that Q^^^ possesses a gap for x even and is regular for 
X odd (this is as expected from the behavior of the individual amplitudes JF and JC at 
the conifold described above). Similarly as for the individual amplitudes and fC, we 
can easily deduce that the gap leads to 

I y — 1 for Y even 
#c = < , (4.40) 

[ X for X odd 

conditions to fix the (n+1) coefficients of a^g^ (if one can understand the conifold 
gives exactly x conditions). Using the data from the real topological vertex given in 
table m of appendix \^ we can fix the left-over conditions for some higher x and in 
this way completely determined the amplitudes Q'-^'^ up to x = 9. |f| The resulting real 
Gopakumar-Vafa invariants are listed in table [2] and [3] in appendix \M 

Finally, let us spend a few words on the leading singularity of the JC^^''^^ at the 
conifold (14.361) . It is well known that the coefficient of the leading singularity of the 
oriented closed string amplitudes J^^^fl) ^t the conifold is given by [271 [2H] 



= . , (4.41) 



3 



The data at hand is sufficient to go up to x = 12- 
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9 


1 


2 


3 


4 


5 


6 


^9 


-|l0g(tc) 


9 
128 


81 
512 


4239 
4096 


221859 
16384 


48938499 
163840 



Table 1: for low g (note that we have rescaled tc — > V^tc). 

where i?2g are the Bernoulli numbers. The universality of the relationship (14.411) has 
been understood from many perspectives over the years. Among other things, $g 
gives the Euler characteristic of the moduli space of genus g complex curves. The gap 
structure was discovered in [T5l [16] , and explained physically in terms of the existence 
of a single light BPS state associated with the vanishing period at the conifold |29j . 
It behooves us to ask for a similar interpretation of the gap structure in IC^^'^\ The 
coefficients \E'g have a good chance of being equally universal as the $g. For future 
reference, we list the values of for low g in tableland leave a detailed understanding 
to subsequent work. Note that can be conveniently extracted from Q'^^'^ , as defined 
in (II. 9p . expanded at the conifold point. This can be easily inferred from (II. 3p combined 
with the regularity of the individual amplitudes with boundaries at the conifold point. 

5 Conclusion 

In this paper, we have initiated a detailed study of the real topological string on local 
Calabi-Yau threefolds. Whereas the topological string on local (toric) Calabi-Yaus 
(with toric branes) is essentially solved, and understood from a variety of different 
perspectives, and we have made significant progress on the systematics of the real 
topological string, much remains to be understood (both in the local and the compact 
situation). We see possibilities for further work in several directions. 

The most interesting question to us is whether it is possible to achieve full integra- 
bility in the B-model, as is the case for the local closed topological string. As discussed 
in section the behavior of the real amplitudes at the conifold point in moduli space 
does not yield enough constraints to fully fix the holomorphic ambiguities. Therefore, it 
would be very desirable to find additional systematic constraints in order to completely 
fix those ambiguities. A related question is the interpretation of the leading singularity 
of the Klein bottle amplitudes (without boundaries) at the conifold point. One expects 
to be able to find a closed expression for the leading coefficient and thereby obtain an 
additional constraint which aids in fixing the ambiguities. 
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Another possible line to follow would be to generalize the real topological vertex 
presented in section |3] to arbitrary local toric Calabi-Yau 3-folds. This would put the 
real topological string on equal footing with the closed topological string (for local 
geometries) and would open up the arena for various case studies and further investi- 
gations. One might also try to generalize the recent progress on spectral curve methods 
(see [31] for a review and references) as a B-model version of the topological vertex, to 
the real topological string. The explicit data obtained in this work should be helpful 
as guideline to find the right formulation. 

Finally, from a mathematical point of view, the localization technique originally 
sketched in [30} [3] , and reviewed and applied in section 12. 2[ needs to be formulated in 
a more rigorous way (especially the tadpole cancellation). Also, in order to put the 
enumerative aspects of the real topological string on a firmer mathematical ground, 
one should seek a proper definition of real Gopakumar-Vafa invariants. 

We believe that with the present work in hand, the real topological string can 
indeed be put on equal footing with the topological string on local geometries in the 
near future. The compact case on the other hand might remain as a challenge for some 
time to come. The localization and topological vertex techniques are not applicable in 
the compact setting at higher genus. On the other hand, it is reasonable to expect that 
the gap structure that we found at the conifold will persist in compact models. This 
should allow for their solution to much higher level than before. Ultimately, progress 
on the open sector should also feed back to the closed topological string. So perhaps 
in combination, one can learn enough to solve both simultaneously. We look forward 
to further research on these matters. 
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A Real Gopakumar-Vafa invariants of local 

In this appendix, we list some real Gopakumar-Vafa invariants N'}^^ of local P^. The 
results from the three complementary schemes that we have used all agree as far as we 
have checked. 
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Table 2: N'J^ for high d obtained from the B-model (numbers marked with * have been verified via the real topological vertex, 
numbers marked with * in addition via localization). 
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Table 3: N'^ for high d obtained from the B-model (numbers marked with ^ have been verified via the real topological vertex, 
numbers marked with * in addition via localization). 
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Table 4: A'^ for high x obtained via the real topological vertex. 
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